Coupling a quantum anomalous Hall (QAH) state with a superconducting state offers an attractive approach to detect the signature alluding to a topological superconducting state [Q. L. He et al., Science 357, 294 (2017)], but its explanation could be clouded by disorder effects in magnetic doped QAH materials. On the other hand, an antiferromagnetic (AFM) quantum spin Hall (QSH) state is identified in the well-known high-temperature 2D superconductor of monolayer FeSe [Z. F. Wang et al., Nat. Mater. 15, 968 (2016)]. Here, we report a light-induced type-II band inversion (BI) and a QSH-to-QAH phase transition in the monolayer FeSe. Depending on the handedness of light, a spin-tunable QAH state with a high Chern number of AE2 is realized. In contrast to the conventional type-I BI resulting from intrinsic spin-orbital coupling (SOC), which inverts the band an odd number of times and respects time reversal symmetry, the type-II BI results from a light-induced handedness-dependent effective SOC, which inverts the band an even number of times and does not respect time reversal symmetry. The interplay between these two SOC terms makes the spin-up and -down bands of an AFM QSH state respond oppositely to a circularly polarized light, leading to the type-II BI and an exotic topological phase transition. Our finding affords an exciting opportunity to detect Majorana fermions in one single material without magnetic doping. DOI: 10.1103/PhysRevLett.120.156406 A recent experiment has reported an interesting "smoking gun" of a transport signature to detect Majorana fermions in a combined superconductor and quantum anomalous Hall (QAH) system [1] . Later on, however, it was argued that the observed signature can also be explained by disorder effects [2, 3] . Since disorder is unavoidable in magnetic doped QAH materials, it will be highly desirable to combine a superconducting and QAH state without magnetic doping to eliminate disorder effects. In this Letter, we will demonstrate that this intriguing scenario can be realized in the hightemperature 2D superconductor of monolayer FeSe, through an exotic light-induced quantum spin Hall (QSH)-to-QAH topological phase transition.
A recent experiment has reported an interesting "smoking gun" of a transport signature to detect Majorana fermions in a combined superconductor and quantum anomalous Hall (QAH) system [1] . Later on, however, it was argued that the observed signature can also be explained by disorder effects [2, 3] . Since disorder is unavoidable in magnetic doped QAH materials, it will be highly desirable to combine a superconducting and QAH state without magnetic doping to eliminate disorder effects. In this Letter, we will demonstrate that this intriguing scenario can be realized in the hightemperature 2D superconductor of monolayer FeSe, through an exotic light-induced quantum spin Hall (QSH)-to-QAH topological phase transition.
There has been great research interest to search and design novel topological materials as well as to manipulate topological phase transitions. As two closely linked topological phases, the QSH [4] [5] [6] [7] and QAH [8] [9] [10] [11] states have been extensively studied in the past decade. In general, QSH states exist in nonmagnetic materials, and QAH states in ferromagnetic materials [11] ; a QSH state can be tuned into a QAH state by including an exchange field through magnetic doping [9, 10] . An exception is the antiferromagnetic (AFM) topological states [12] [13] [14] [15] [16] [17] [18] [19] [20] , which are magnetic but without net magnetization. The combined topological and AFM spin order provides intriguing opportunities to study exotic quantum phenomena.
On the other hand, the high-temperature 2D superconductor of FeSe has inspired great experimental [21] [22] [23] [24] [25] and theoretical [26] [27] [28] [29] interests. Often times the parent material of a superconductor has an AFM spin order, and possible topological states in FeSe are expected [30] [31] [32] [33] [34] . Very interestingly, an AFM QSH state has been recently theoretically predicted and experimentally identified in monolayer FeSe [35] . Here, starting from this AFM QSH state, we further demonstrate a spin-tunable QAH state induced by circularly polarized light irradiation, based on firstprinciples tight-binding calculations.
We show that with increasing light intensity, the left-or right-handed circularly polarized light will induce a monotonic increase of the band gap for a spin-up or -down band around the M point, but a band inversion (BI) for a spindown or -up band characterized with a sign change of its Chern number, which we call it a type-II BI. This in turn leads to the formation of a QAH state with a high Chern number of either −2 or 2, as identified by calculations of both edge states and the quantized conductivity. An effective k · p Hamiltonian is derived and an analytic expression for the light-induced effective spin-orbital coupling (ESOC) is obtained. The ESOC is handedness dependent, in contrast to the intrinsic spin-orbital coupling (SOC), which is spin dependent. The interplay between the two contrasting SOC terms causes an opposite response of spin-up and -down bands to the light, leading to the type-II BI and an exotic QSH-to-QAH phase transition.
We first illustrate the type-II BI in comparison with the conventional BI, which we call type-I, as shown in Fig. 1 . The type-I BI has provided a fundamental understanding of the difference between a normal insulator (NI) and a QSH state. For example, starting from a narrow charge gap semiconductor, its valence and conduction band-edge state has an odd (even) and even (odd) parity, respectively. With increasing intrinsic SOC, the charge gap closes and then reopens a SOC gap with the parity of the band-edge states inverted, and hence the system becomes nontrivial for both spin components to realize a QSH state [ Fig. 1(a) ]. Generally, the type-I BI inverts the band an odd number of times (typically one time), which underlies almost all the topological transitions [5, [36] [37] [38] known to date. In contrast, Fig. 1(b) illustrates the type-II BI that inverts the band an even number of times and underlies a QSH-to-QAH phase transition, in which both spin components remain nontrivial after BI. It is induced by a light-induced ESOC instead of an intrinsic SOC. Starting from a QSH state with an SOC gap [ Fig. 1(b) ], with increasing ESOC, the SOC gap of one spin component (let us say spin down) decreases while that of the spin-up component increases. Then, the spin-down gap closes and reopens with its band topology changing to an opposite sign of the Chern number (by a mod of 2), and hence the system is nontrivial for both spin components and becomes a high-Chern-number QAH state.
A QSH state can be considered as two copies of spin-up or -down QAH states. The SOC is spin dependent, reversing its action on opposite spins (respecting time reversal symmetry). Consequently, it closes and reopens the gap for both spin components simultaneously, resulting in the type-I BI [ Fig. 1(a) ]. The ESOC is handedness dependent, having the opposite action on opposite spins (breaking the time reversal symmetry). Consequently, it closes and reopens the gap of one spin component while increasing continuously the gap of the other spin component, resulting in the type-II BI [ Fig. 1(b) ].
After illustrating the concept of type-II BI, next we demonstrate its realization in monolayer FeSe. The band structure of monolayer FeSe in checkerboard AFM spin order with SOC is shown in Fig. 2(a) . One can see an indirect SOC gap around the M point (see also Fig. S1 ) [39] , which supports an AFM QSH state as identified previously [35] . This band structure is drastically modified, as shown in
where ω is the frequency, A is the amplitude of the vector potential, and η ¼ AE1 denotes the handedness of the right-or left-handed circularly polarized light. The band structures under light irradiation are calculated using the Floquet theory with a first-principles tight-binding Hamiltonian [39, 40] . With increasing light intensity, the spin degeneracy is lifted as the spin-up anddown bands have an opposite response to the light around the M point. The gap (E 1 g ) of the spin-down band (blue color) first closes and then reopens, while the gap (E 2 g ) of the spinup band (red color) increases monotonically, as shown in Fig. 2(f) .
Generally, the process of band gap closing and reopening indicates a BI accompanied with a topological phase transition [5, [36] [37] [38] . In order to identify the new phase caused by BI, the band structure of a ferromagnetic-edged FeSe ribbon with a width of 30 unit cells is calculated. For comparison, we first show the ribbon band before BI at a relatively low light intensity (eA=ℏ ¼ 0.2 Å −1 ). The spin-z component, and the left-and right-edge projected band structures are shown in Figs. 3(a) , 3(b) , and 3(c), respectively. Within the gap, one sees that each edge has two edge states with opposite propagating direction and opposite spin-z orientation. Each pair of edge states forms an asymmetric Dirac cone, which is consistent with the results without light irradiation [35] . Comparing the two edges, one notices that the edge states with the same spin-z orientation propagate in opposite directions along the left and right edge, respectively. These are characteristic features of topological edge states, indicating that the light irradiated FeSe remains in the QSH state before BI, as schematically shown in Fig. 3(d) .
Next, after BI at a sufficiently high light intensity (eA=ℏ ¼ 0.3 Å −1 ), the spin-z component and the left-and right-edge projected band structures are shown in Figs. 3(e), 3(f), and 3(g), respectively. A drastic change of the edge states is observed. Now each edge has two edge states with the same propagating direction but opposite spin-z orientation. The same-spin edge states propagate in opposite directions at the left and right edges, respectively. These features signify a QAH state in the light irradiated FeSe after BI, as schematically shown in Fig. 3(h) . We have also checked the spin-x and -y component, which are negligible compared to the spin-z component. This guarantees the spin-momentum locking relation in both QSH and QAH edge states [41] . We note that only the spin-down band (blue color) is inverted by the lefthanded circularly polarized light, so that the spin-down edge state reverses the propagating direction at both edges [blue arrows in Figs. 3(d) and 3(h) ], resulting in a QSH-to-QAH topological phase transition. Conversely, another QAH state can be obtained by using the right-handed circularly polarized light, in which the spin-up band will instead be inverted.
Beside edge states, an alternative way to distinguish the QSH from the QAH state is by spin Hall (σ s xy ) and Hall (σ xy ) conductivity [42] [43] [44] . Figure 4 shows the calculated conductivity for both the left-and right-handed circularly polarized light. Before BI, a quantized spin Hall conductivity of −2e=4π is obtained within the energy window of g and E 2 g . In our calculations, the light energy ℏω is set to 8 eV, which is chosen to be larger than the band width of FeSe, so that the Floquet bands do not cross each other. Figs. 2 and 3 , we learned that the left-and right-handed circularly polarized light will induce a type-II BI for only the spin-down and -up band, respectively. Consequently, the sign of the Chern number is changed only for the inverted spin band but remains the same for the other spin band, hence realizing a QSH-to-QAH topological phase transition.
For the type-II BI shown above, the most significant feature is that the Chern number for the inverted spin band changes its sign only, but never quenches its value to zero. This behavior is rather unusual, indicating that the system is nontrivial both before and after BI. It is distinctively different from the type-I BI known previously [5, [36] [37] [38] that underlies a phase transition between the trivial and nontrivial state. For the type-I BI, the Chern number changes an odd number of times (typically 1). For example, magnetic doping [45] has been shown to also induce a QSH-to-QAH phase transition in HgTe, but with a Hall conductivity of AEe 2 =h instead of AE2e 2 =h that we found here. It is because in HgTe one of the spin bands changes from nontrivial to trivial with its band inverted one time [45] . Here, the spin-up and -down bands are both nontrivial before and after BI, and one of the spin bands is inverted two times as reflected by the Chern number changing from þ1 (−1) to −1 (þ1).
To better understand this intriguing type-II BI, we present below a theoretical analysis based on an effective k · p Hamiltonian. Near the Fermi level, the band structure of FeSe around the M point is dominated by d xz and d yz orbitals, as shown in Fig. S2 [39] . Since the spin-up anddown bands are degenerate from our first-principles calculations and the on-site SOC term between the d xz and d yz orbitals is spin decoupled, one can decouple the spin-up and -down bands into two sublattices [27] , as shown in Fig. S3 [39] . In each sublattice, one considers only one spin band with two orbitals of d xz and d yz per unit cell. Including both the nearest-neighbor and second nearest-neighbor hopping parameters and expanding around the M point, an effective k · p Hamiltonian can be obtained as [39] 
where σ is the Pauli matrix, s ¼ AE1 for spin up and down, and λ is the intrinsic SOC. As shown in Fig. S4 [39], without and with SOC the k · p bands are overlaid with the first-principles bands along high symmetry directions X-M-X and Γ-M-Γ, and around the M point in the 2D BZ for both the valence band and conduction band. Very good agreement is seen not only along high symmetry directions but also around the M point, using the fitting parameters a 0 ¼ 0.75 eV Å 2 , a 1 ¼ 4.5 eV Å 2 , a 2 ¼ 1.25 eV Å 2 , and λ ¼ −0.0265 eV. Also the spin Berry curvature shows very good agreement between k · p and first-principles results (see Fig. S5 ) [39] .
Then, based on Floquet theory [46] [47] [48] [49] [50] , the photondressed effective Hamiltonian for FeSe under irradiation of a circularly polarized light can be written as [39] 
Comparing Eqs. (1) and (2), one sees that an extra lightinduced ESOC term (λ 0 η) is introduced, and its sign depends on handedness but not on spin. This new term is clearly different from the intrinsic SOC term (λs) and also PHYSICAL REVIEW LETTERS 120, 156406 (2018) 156406-4 different from the conventional Zeeman term. Since λ < 0 and λ 0 > 0, the overall value of SOC (λs þ λ 0 η) will decrease (increase) if s and η have the same (different) sign. The critical point is defined by λs þ λ 0 η ¼ 0 at the M point with k ¼ 0, where the overall SOC vanishes and band gap closes. Consequently, the spin-up and -down bands will have an opposite response to the circularly polarized light of opposite handedness. For example, with increasing lefthanded circularly polarized light intensity, the evolution of k · p band structure around the M point is shown in Fig. S6 [39], which shows a band gap closing and reopening process for the spin-down band, but a continuous increase of the band gap for the spin-up band. This is consistent with the results shown in Fig. 2 .
From the photon-dressed effective Hamiltonian, the Chern number for the spin-up and -down band can be calculated as [39] C ↑=↓ ¼ þ1; ðλs þ λ 0 ηÞ k¼0 > 0; −1; ðλs þ λ 0 ηÞ k¼0 < 0:
Depending on the sign of ðλs þ λ 0 ηÞ k¼0 , the Chern number for the spin-up and -down band can be either þ1 or −1. This indicates that the interplay between ESOC and SOC determines the final value of the Chern number. We also point out that the gapless non-SOC band for FeSe with AFM spin order has played a significant role in giving rise to the observed type-II BI. Without any trivial mass term to open a trivial gap, the light-induced ESOC can completely cancel the intrinsic SOC and hence change its sign in the BI process. Consequently, no trivial phase will appear after type-II BI for the inverted band. This explains straightforwardly why our predicted QAH state has a different Hall conductivity compared to the HgTe system [45] .
